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The s ing le -phase  Stefan p rob lem is cons idered  with boundary conditions of the second and of 
the third kind. An i te ra t ion  s chem e  is developed for solving the nonlinear  integrodifferent ia l  
equation. 

An ana lys i s  of the f r e e z i n g - p r o c e s s  dynamics  in the case  of a w a r m  liquid a t  a cold solid wall  reduces  
to a p rob lem in which the boundary for  the equation of heat  conduction is unknown (the Stefan prob lem) .  An 
analyt ica l  solution of the Stefan p rob lem in a sufficiently general  fo rm involves vas t  diff icult ies of a m a t h e -  
ma t i ca l  na ture .  Severa l  approaches  to the solution of this p rob lem a r e  known: a reduct ion of the Stefan 
p rob l em to va r ious  functional s y s t e m s  of equations [1, 2, 3, 4], a solution in s e r i e s  in " instantaneous" or  
in " local"  eigenfunctions of the p rob l em  [5, 6, 9], and the method of integral  t r ans fo rma t ions  [7]. None of 
these  methods  i s  v e r y  useful  for  obtaining specif ic  r e su l t s  within a finite in terval  of the t ime var iab le .  

The p rob lem of a w a r m  liquid f reez ing  a t  an i so the rmal  cold wall (boundary condition of the f i r s t  kind) 
has  been solved in [8] by the method of success ive  approximat ions .  In this a r t i c l e  we will use the i tera t ion 
method for  solving the Stefan p rob lem with boundary conditions of the second and the third kind. Le t  a l i -  
quid filling the h a l f - s p a c e  x > 0 be mainta ined a t  a constant  t e m p e r a t u r e  Te  higher  than the phase  t rans i t ion 
t e m p e r a t u r e  Tf.  Beginning a t  t ime  t = 0, a ce r t a in  t e m p e r a t u r e  field is mainta ined on an infinitely l a rge  
p la te  a t  x = 0. On plane x = 0 there  fo rms  ice of densi ty  p and latent  heat  of fusion L. The thickness of the 
f rozen  l aye r  x = 5(t) and the t e m p e r a t u r e  dis t r ibut ion T(x,  t) a r e  the unknown functions here .  With these  
a s s u m p t i o n s ,  then, we have the s ing le -phase  Stefan p rob lem:  

OT O~T pc = k. in D, (i) 
Ot Ox ~ 

~ l k ~ ~:0= e [t, r (o, t)], t > o, (9) 

T[x=~(tl = Tf = const, (3) 

- - t  d6 k OT = h~ (T~ - -  Ts) + pL ~ - ,  l :> 0, (4) 
Ox x=6(t) 

(o )  = o .  (5) 

Here F[t,T(0, t)] isa certain function of the given arguments andD= {x,t; 0 < x < 6(t), 0 < t < t O < co} is 
the open-ended region where a solution is to be obtained. The second condition (4) at the unknown boundary 
makes allowance for the effect of convective heat transfer between warm liquid and layer of ice on the freez- 

ing rate. 

I. Freezing of a Liquid at a Flat Wall from Which a 

Certain Heat Flux is Extracted 

In this case function Fit, T(0, t)] becomes 

F It, r (0, t)] = q~o = const, (1.1) 

where  qw is the hea t  flux ex t rac ted  f rom plane x = 0. 
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TABLE 1. Results of the F i r s t ,  the Second, and the Thi rd  Ap- 
proximat ion for Function T = T(A) 

T 1 
T2 
% 

r l  

T 2 
T3 

% 
T~ 
% 

. , A  

oL ~ 0.I 0.6 0.7 0.8 0,9 

~ = 0 , 0 3  10,1011 
~=0,01 O, lOll 

0, t0II 

a~O,6 0,1040 
. o , o ,  

==0,6 0,2503 
~=0,6 0,2503 

O, 2503 

02 03 04 I 05 ' 

• !, - J  - _ t - . _  
0,2026 0,3043 0,4054 0,5088 
O, 2026 "0,30431 0,4064 ', O, 5088 
0,2026 0,3043 0,4064 0,5087 

0,2!41 0,3303 I0,4525 0,5808 
0,2132 0,32751 0,4460 0,5692 
0,2103 0,325t[ 0,4459 0,5726 

0 50151 0 7533' 1 0060 1 2593 
0150151017533 / 110059 112593 
0,5014 0,7532! 1,0058 1,2592 

0,6114 
0,6114 
0,61t4 

0,7151 
0,6961 
0,7084 

1,5135 
1,5134 
1,5132 

0,7144 
0,7144 
0,7143 

0,8555 
0,8265 
0,8422 

1,7683 
1,7682 
1,7681 

0,8176 0,9213 
0,8176'0,9211 
0 , 8 1 7 6 1 0 , 9 2 I t  

1,0020 1,1545 
0,960511,0977 
0,9845 1,1312 

2,0240i2,2803 
2,023812,2801 
2,0236 2,2800 

The solution to p rob lem (1)-(5) with condition (1.1) will now be 

oT ! ( or 
Ox ' Ox ~:o + pc dx. Jot 

0 

With conditions (2) and (i .1) we have  
2# 

k OT O--~ = qw § pc t " OT dx. (1.2) 
J ot 
0 

Writ ing Eq. (1.2) for x = 6(t) and taking into account  condition (4), we will obtain a f t e r  a few s imple  
t r ans fo rma t ions :  

6 

d6 q w - - h e ( T e - - T ] )  _L c i' OT dx (1.3) 
dt" = p L ' L - - ~  " 

o 

We then integrate  Eq. (1.2) over  the var iable  x f rom x to 6(0  and, together with condition (3), this 
yields 

a(t) ; 
T = T I _  . _ ~ _ ( 6 _ x )  pc Lf aT - -  - - ~  - ~  dxdx. (1.4) 

x 0 

We note that ~ / ~ t  = 0 / 0 6  -dS /d t ,  where  dS /d t  is independent of the space var iable .  

In this case  Eq. (1.3) yields 
d 6  _-- qw - -  h~ (T~ - -  T1) (1.5) 
dt 6 

pL ( 1 -  c__c__ (' o r  dx]  
L J-~ ] 

0 

Taking into account  (1.5), we can wr i te  Eq. (1.4) as  

f f ~ dxdx. 
86 

r q: c [q: - he(re- T,)] (1.6) 
T =  1-- -~-  ( 8 - ~ )  8 

k L ( l - -  c 07' 

o 

The r ight-hand side of Eq. (1.5) is a function of 6 and does not explicit ly depend on t,  which, together  
with condition (5), allows us to rewr i t e  the express ion  for  t = t(6) as 

6 8 

q~--h,(r,--r,) --f- -~ dxdx . (1.7) 
0 0 

A solution to the integrodifferent ial  equation (1.6) can be obtained by the method of success ive  approx-  
i m a t i o n s ,  whereupon express ion  (1.7) will yield the t ime during which an ice l aye r  of thickness 6 f r e e z e s  
a t  the infinitely la rge  plate x = 0. 
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Fur ther  calculations will be more  conveniently p e r f o r m e d  with dimensionless quantities. Let  

0 = ~  
T--T~,; z k(T~--TI); A =  66., ~ =  x ," 

T~ - -  Tj qw x z 

c (T, - -  TI) h, (T~ - -  TI) q ~ "  a =  ; 8 = 

zo L ' L q,~ 

Equations (1.6) and (1.7) become now (1.8) and (1.9) respectively:  

o = ~ - A +  ~ o 
A 

0 

(1.8) 

A A 

1 - - ~  , - ~  d~dA ).  
0 o 

(1.9) 

As the zeroth approximation we take 

0 o = ~--A, 

h 

"q - 1 --8'  

(1.10) 

(1.11) 

which corresponds to ice with an infinitesimal specific heat. 
Eqs. (1.8) and (1.9), we obtain 

a (1 - -  8) ( Au - -  ~2) 
0 1 =  ~ - - A  + 

2 (l + ~A). 

Continuing the i terat ion process ,  we will obtain af ter  the second approximation: 

0~ ~- ~ - -  A + a (1 - -  8) A4P + A~g 2 + A~.g + A1,  
1 + etA2 

A (1 _~_' a%3 "+ ) 

where 

Insert ing (1.10) into the right-hand side of 

A ( I + 3 a A  )7, 
A~=- f f -  --I+~(I--~) (t +aA) ~ A 

A (2 + ~A) 
A 2 = A- -a ( l  ---[~) 

4 (I + ah) 

1 + a ( l - - ~ )  A(2+aA) A , ~  a2(1--~) 
Aa-- 2 4 ( l + a A )  2 ' 24(1 +aA) 2 

Since the expression for 0 a is ra ther  unwieldy, we will show only the expression for Ta: 

A , X 5 , X 8 

A ~ - - x + a ( 1  --8) 

0 

(1.12) 

(1.13) 

(1.14) 

(1.15) 

�9 x5 A1x l}dx 116, ~Ai (A~--g- + A~ + A~ + 

(1 + aA2) ~ 

,where A' = di/dx. 

The convergence of the iteration process is easily established by an analysis of the results in Table 
1, where the numerical values for the first, the second, and the third approximation are given. The nu- 
merical solutions to the problem for several specific values of the governing parameters are given in Table 

2. 

1193 



T A B L E  2. 
= eonst)  

F r e e z i n g  T i m e  for  an  I ce  L a y e r  of  Th ickness  A (qw 

0,05 

0,2 

0.,6 

A 

0,1 0,2 0 , 3  0,4 0,5 I 0,8 0,9 
o~ 

0,1012 
0,1113 
0,1252 
0,1431 
0,1670 
0,2004 
0,2499 

0,1018 
0,1120 
0,1261 
0,1441 
0,1681 
0,2017 
0,2522 

0,1019 
0,1125 
0,1270 
0,1455 
0,1702 
0,2046 
0,2562 

0,2029 
0,2232 

10,2511 
0,2870 
0,3349 
0,4018 
0,5023 

0,2058 
10,2263 
0,2547 
0,2911 

10,3396 
1o,4o75 
0,5094 

10,2103 
10,2321 
0,2618 

I0,3000 
:0,3507 
0,42t5 
0,5275 

0,3052 
0,3357 
0,3777 
0,4316 
0,5036 
0,6043 
0,7554 

0,3117 
0,3429 
0,3857 
0,4409 
0,5144 
0,6173 
0,7716 

0,3251 
0,3585 
0,4043 
0,4630 
0,5411 
0,65031 
0,8137! 

0,4079 
0,4487 
0,5048 
0,5769 
0,6731 
0,8077 
1,0099 

0,4196 
0,4616 
0,5193 
0,5935 
0,6925 
0,8310 
1,0388 

0,4459 
0,4916 
0,5543 
0,6346 
0~7415 
0,8909 
1,1147 

0,5112] 
0 5623 
0, 63261 
O, 7230 t 
0,8435 
1,0122 
1,2652 

0,5294 
0,5824 
0,6553 
0,7489 
0,8738] 
1,0487 
1,3109 

0,5726 
0,6311 
0,7113 
0,8143 
0,9514 
1 1431 
1:4303 

0,6 0,7 

0,6149 1 0,7191 
0,6764 0,7911 
0,7610 0,8900 
0,8697 1 1,017I 
1,01471 l, 1867 
1,2176 ] 1,52201 1,4240 I 1,7801 t 

| 
0,64121 0,7548 / 
0,70541 0,8304 / 
0,7936 0,9343 I 
0,9071 1,0680, I 
1,0584 1 1,2461 / 
1,2702 1 1,4956 
1,5879 1,869711 

0, 7048 1 0,8422 [ 
0,7767] 0,9281 I 
0,8754 ] 1,0460 ] 
1,0020 1,1974] 
1,1707 1,39911 
1,40661 1,6812 
1,7601 t 2,1041 

0,82391 0,9291 
0.90631 1,0220 
1.01961 1,1498 
1.15531 1,3141 
1.3595] 1,4462 
1.53141 1,8398 
2.0393l 2,2998 

0.87041 0,9875 
0.95451 1,0865 
1.0773] 1,2226 
1.23151 1,3976 
1.43701 1,6309 
1.72471 1,9576 
2.15631 2,4476 

0.9844[ 1,1312 
1.0849[ 1,2470 
1.22301.1,4059 
1.40021 1,6101 
1.63631 1,8822 
1_96671 2,2627 
2,46191 2,8334 

2 .  F r e e z i n g  o f  a L i q u i d  a t  a C o n v e c t i v e l y  C o o l e d  

F l a t  W a l l  

Beginning  a t  t ime  t = 0, le t  the inf ini tely l a r g e  p la te  x = 0 be s p r a y e d  with a coolan t  the t e m p e r a t u r e  
of which,  T O < Tf ,  is cons tan t .  The  coef f ic ien t  of hea t  t r a n s f e r  hw between the cooled  wall  and the heat  
c a r r i e r  will  a l so  be a s s u m e d  cons tan t ,  and the t h e r m a l  r e s i s t a n c e  of  the p la te  wil l  be cons ide red  negl ig ib ly  
low. Func t ion  F[t ,  T (0, t)] then b e c o m e s  

F [t, T (0, t)] = h~ [T (0, t) - -  To]. (2.1) 

The p r o c e d u r e  for  so lv ing  p r o b l e m  (1)-(5) with condi t ion (2.1) is in m a n y  a s p e c t s  ana logous  to the p r o c e d u r e  
fol lowed in the p r e c e d i n g  c a s e  and,  t h e r e f o r e ,  we will  omi t  h e r e  the i n t e rmed ia t e  s teps  and will  show the 
r e s p e c t i v e  final in tegrod i f fe ren t i a l  equat ion of  the t e m p e r a t u r e  d i s t r ibu t ion  in a f r o z e n  l a y e r  as  well  a s  the 
e x p r e s s i o n  for  t he  t ime a f t e r  which an  ice  l a y e r  has  a t ta ined  a spec i f ied  th ickness :  

o(L A)='r q_ =-v~]~, + (zc-v) (1-A)  

A 

0 

a ~a  

1,+cr  __q~[[* d~_+_~z " [ J OA - ~  d~d~ ? ? , . 
o o 

A A A 

1-t-  a - -  V A - -  • - o ~  d i  -+ 
v . r . J oa 

o o 

h A A [j o o-,ilo~ ] l + Y - v  a - , ~  - ~ - d g  + 

I - - A  

, ( 2 . 2 )  

(2.3) 

w h e r e  

z e r o  spec i f ic  heat .  

T - -  T O h~ x �9 T= t; ~ =  0 -- Te - TI.  - - ~  -~--; 

k ( h ~  T/ - -  To __ I ) ; A =  8 . 

T~ - -  To. ~ c (T~ - -  Ti) 
~Z=T~__T~, Y =  ; r L 

In o r d e r  to obta in  the ze ro th  app rox ima t ion ,  we s e t  8 0 / O A  = O, c o r r e s p o n d i n g  to ice  with a l m o s t  
We then have  
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0 o = ? [ 1 +  a--'l'? ~]_ .+. (a __ w) (l __ A) 
1 +  c*--?~ 

Y 

I -+- a - - ? A  
? 

(2.4) 

T 0 -~ [ln(1 A)+ a-=-y A]. cpy2 a 

The f i rs t  approximat ion yields:  

0, = 'l' + (a --  ?) ~ + (a --  7) (1 --  A) Y 

1 +  a - - v  A--q~q~(A, A) 
? 

(2.5) 

(2.6) 

where  

i/ ~ I ( 'q, = 1 . l--l- ?A--q9 AA 1+ 1--AA + 2 2 

A = - - a  1 A , 
? Y , 

~2 ~ _ _ ~  ~2 ~3 v}. 

(2.7) 

Since the express ion  for 02 is very  unwieldy, we will show only the express ion  for r2: 

f l + - - A - - q 3  J l +  oc--___~ j~ l y ? 
"t'~ dh, 

7(9 , 1-:-A 
0 

where  

J1 ?--aq ~ (a --  ?) (1--  A) ( q 2  q3B- - - - a - - ?  ) ?  

a - - ?  A~r __ q3(o~--y) (I --  A) 
• A + 27 q 

•  a--?? A2)+, a--V? ( 1 +  a - - ~ h ) ~ - ] ; V  

(2.s) 

R ? - - a  + (~z --  y) (1--  A) ( q~B a - - ?  ); 
q q2 , V 

Q = _ (a --  y) (1--  A) q3; q = l  ,-+- cr A--(pC(A, A); 
q "l' 

A 
J~= R 2 

' 37 
A3--~AM + O  A'AI+A -~-+ ( + - - A  ; 

,. v ~, 6 3v 

f 
B = (A'A +A)  [1 + 

C1 = A 2 + - -  

I a ~ ?  A +  a - - ?  
2 y V 

) ]} 1 +  a - - ?  h a - - ?  A2 +AA 
�9 y 6~ 

a - - ~  Aa + a V A + - - A  ~ a - - ~  A3 _ 
2? y 2? 2 6y 

'~-v[ 1 + 2 v  3 ~-vA] ; v  
( a--  ~ ~2 Aa A' dA 

- - S - - :  -- i f ;  = a-K" 
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Fig. i. 

t0 ~ 50 7O ~r 

f 

/ 

T h i c k n e s s  of  a f r o z e n  i c e  l a y e r  a s  a 
funct ion  o f  t i m e  (~ = 10, T = 1.5,  go = 0.4): 

0) A0(T); 1) Z~I(~-) ; 2) A2(7"). 

C a l c u l a t e d  v a l u e s  of  ~-0, T1, and  T 2 a r e  shown in F ig .  1 fo r  the c a s e  w h e r e  a = 10, ~/ = 1.5;  go = 0.4. 
I t  i s  e v i d e n t  h e r e  tha t  b e t w e e n  the s e c o n d  and the f i r s t  a p p r o x i m a t i o n  the m a x i m u m  r e l a t i v e  d i s c r e p a n c y  in 
the  r e s u l t s  a t  T = 15 i s  h a l f  a s  l a r g e  a s  tha t  b e t w e e n  the  f i r s t  and  the z e r o t h  a p p r o x i m a t i o n .  V a l u e s  of T 2 
a s  a func t ion  of & a r e  g iven  in T a b l e  3 fo r  s e v e r a l  s p e c i f i c  v a l u e s  of  the g o v e r n i n g  p a r a m e t e r s .  
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x 
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6 

T e  
T f  
TO 
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0 

T 
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C~, ~ ,  7 '  go 

0 O, 01 , 02,  03 
7" 0, T 1, T2, T 3 

N O T A T I O N  

the t e m p e r a t u r e  d i s t r i b u t i o n ;  
the  s p a c e  c o o r d i n a t e ;  
the  t i m e ;  
the  t h i c k n e s s  of  the  f r o z e n  l a y e r ;  
the  t e m p e r a t u r e  of l i qu id ;  

is 
is 
iS 
is 
is 
is the temperature of phase transition; 
is the temperature of coolant; 
is the density of ice; 
is the specific heat of ice; 
Is the thermal conductivity of ice; 
Is the latent heat of fusion; 
is the heat flux extracted from the wall; 
is the coefficient of heat transfer between wall and coolant; 
is the coefficient of heat transfer between the liquid and the phase-transition surface; 
Is the region of the phase plane analyzed in the problem; 
i s  the  m a x i m u m  t h i c k n e s s  of  the  f r o z e n  l a y e r ;  
i s  the  c h a r a c t e r i s t i c  l i n e a r  d i m e n s i o n  of  the  p r o b l e m ;  
i s  the  d i m e n s i o n l e s s  t e m p e r a t u r e  d i s t r i b u t i o n ;  
IS the  d i m e n s i o n l e s s  s p a c e  c o o r d i n a t e ;  
i s  t he  d i m e n s i o n l e s s  t i m e  c o o r d i n a t e ;  
i s  the  d i m e n s i o n l e s s  t h i c k n e s s  of  the  f r o z e n  l a y e r ;  
a r e  d i m e n s i o n l e s s  p a r a m e t e r s  of the p r o b l e m ;  
a r e  d i m e n s i o n l e s s  t e m p e r a t u r e  d i s t r i b u t i o n s ;  
a r e  the  d i m e n s i o n l e s s  t i m e s  a f t e r  the  r e s p e c t i v e  a p p r o x i m a t i o n .  

I, 
2. 
3. 
4. 

5. 
6. 
7. 
8. 
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